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An Orbital Design Method for Satellite Formation Flying
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An orbital design method of the formation initialization based on the relative orbital element

method is presented. It firstly constructed the relative motion equation of the satellite formation

flying in terms of the leader and followers’ orbital elements. Then the equation was simplified

when the orbit eccentricity of the leader satellite was small. And according to the satellites’

mission, a general design method for the relative trajectory was proposed. The advantage of this

method is that one can get a very simple analytical formula of each follower satellite’s orbital

elements when the orbital eccentricity of the leader satellite is zero. The simulation results show

that the method is effective.
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1. Introduction

Recently, there are two development trends for
satellite technology. One is the innovation and
development of large satellite platform technolo-
gy, which produces satellites of increasing mass
and more complete function (Chae and Park,
2003). These more capable satellites are able to
complete complex missions independently. The
other trend is the miniaturization and even micro-
mation of satellites. Mini-satellites and micro-
satellites have been widely used in a lot of fields
and their importance has already been admitted.
Their advantages are that they can be grouped
together and effectively cooperate with each other.
For example, the Satellite Constellation (SC) and
the Satellite Formation Flying (SFF) can com-
plete difficult mission that only a large satellite
could complete in the past but an improved relia-
bility and lifetime (Kang et al., 2000).
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One of the research focuses of the SFF tech-
nology in recent years is relative motion dynamics
and control. Generally, the technology involves
several satellites who fly in particular formation
and cooperate to perform a certain task. Since
the satellites in formation distribute regularly in
space, they have enormous aperture and measure-
ment base-line, which enable three-dimensional
observation of an object, or simultaneous obser-
vation of multiple points in space. So it has enor-
mous practical value, including ground observa-
tion, three-dimensional imaging, precise orienta-
tion, atmosphere survey, astronomical observa-
tion and so on (Irvin, 2001).

There are three key techniques during the task
cycle of SFF, i.e. formation initialization, station
keeping and formation reconfiguration (Atkins
and Pennecot, 2002) . The formation initialization
(Vadali and Vaddi, 2000) includes a design pro-
cess of the formation orbit. Until now, there are
two approaches to calculate the initial target
formation orbits of SFF, namely C-W equation
descriptive method and relative orbital element
method. W.H. Clohessy and R.S. Wiltshire de-
rived C-W equation when working on the spac-
ecraft rendezvous problem in the 1960’s. The
C-W equation descriptive method can effectively
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solve the problem of short-term (within several
circles) and short-distance SFF. There are many
papers on SFF using C-W equation as dynamics
model of relative motion. With the research more
thoroughly, more and more scholars have realized
that C-W equation is not suitable to describe
long-term SFF because the error of the relative
motion solution increases by time (Gim and
Alfriend, 2001 ; Gao et al., 2003). Alfriend and
his colleagues (Alfriend et al., 2000) obtained the
first-ordered approximate relative motion equa-
tion in terms of the differences of leader and
followers’ corresponding orbital elements by lin-
earizing the transfer matrix between the leader/
follower satellites’ orbital coordinate systems and
the inertial coordinate systems. The J, effect on
satellite formation was studied in their papers
(Schaub and Alfriend, 1999). But the determina-
tion of the initial orbits of the member satellites
had not been discussed from the viewpoint of
design. Gao Yunfeng and his colleagues studied
the mechanism of C-W equation not suitable for
long-term SFF and pointed out that the non-
periodic solution of the relative motion due to
the linearization of C-W equation caused the
unacceptable error of long-term SFF. In his pa-
per, a new method named relative orbital element
method (ROEM) is introduced to overcome the
limitation of C-W equation. The ROEM derives
the precise equation of the relative motion by
formulating the transfer matrix between the lead-
er/follower satellite’s orbital coordinate systems
and the inertial coordinate systems in terms of
leader and followers’ orbital elements. In practice
of formation flying, the differences between the
leader and the follower satellites’ corresponding
orbital element should be small enough to ensure
that the leader and follower are close. As a result
of AQ and A7 being small, the ROEM derives
the simplified equation of the relative motion. On
the basis of the ROEM, this paper presents an
orbital design method that can provide a very
simple analytical formula of each follower satel-
lite’s orbital elements when the orbital eccen-
tricity of the leader satellite is zero. The result can
not only be used for feasibility analysis of the
formation flying, but also serve as the initial value

of the nonlinear equation of the relative motion
solving.

2. Relative Motion Equation
of the Satellites

Assuming that there is no orbital perturbation,
let us consider the relative motion of SFF based
on relative orbital elements for the two-body
problem. Take two satellites as example, one
called “leader satellite” or simply “leader” (the
subscript is denoted by “L”), the other called
“follower satellite” or “follower™ (the subscript is
denoted by “F”).

2.1 Definition of the coordinate system

1) Geocentric-equatorial inertial coordinate
system OXYZ : The origin is at the earth’s center,
the fundamental plane is the equator and X -axis
points in the vernal equinox direction; Z-axis
is perpendiculars to the fundamental plane and
points in the direction of the North Pole. Y -axis
completes the right-handed frame.

2) The Geocentric-orbital coordinate system
Oxyz: The origin is at the earth’s center. The
fundamental plane is the orbit plane with the x-
axis pointing in the direction of the satellite’s
center of mass. The z-axis is perpendiculars to the
fundamental plane and points in the direction of
the positive normal. y-axis completes the right-
handed frame.

3) The satellite orbital coordinate system
Sxyz: The origin is at the satellite’s center of
mass. The axial orientations are the same as the
geocentric-orbital coordinate system Oxyz.

2.2 Description of the satellite motion

There are several orbital elements used to de-
scribe the satellite motion : right-ascension of the
ascending node £, inclination 7, argument of
perigee @, orbital semi-major axis @, orbital
eccentricity ¢, mean anomaly M (or true anomaly
f), and denoting %= w-+ f the argument of lati-
tude (Bate et al., 1971).

2.3 The relative motion equation
Assuming that position vector of the leader and
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Fig. 1 SFF orbit

the follower are r; and rr respectively, as shown
in Fig. 1, the relative motion of the follower to the
leader is

O=Fr—T1L (1)
Eq. (1) described the vector form of the relative
motion. To study the relative motion between the

follower and the leader, one can project it into the
leader’s orbital coordinate system Srx;yrzr, thus

X rr rL
yi=A170;—10
z 0 0

where

{x v z}T is projection of the relative motion
vector 0 into Sixryrzi,

{r. 00}7 is projection of the vector r; into Spx.
ViZL,

{rr 00} is projection of the vector rr into Srxr
VFZF,

Ay is transform matrix from Sexryrzr to SixLye
ZL-

Then the component form of the relative mo-
tion for SFF (Gao, et al., 2003) can be presented
as

X k 1
1+ercos fr | 1+ercos /1
V4 3 0
Where

ki=cos AQ cos uz cos ur—sin AQ sin ir cOS u: SIn ur
+sin AQ cos iz Sin u; cos up
+cos AR cos 7z oS ir Sin 2 Sin s
+sin 7 sin 77 sin % Sin #r

ky=—cos AQ sin u; cos ur+sin AL cos i sin u; sin ur
+sin AQ cos 71, coS uz CoS Ur
+cos AL cos 7 €oS ir COS Uz SIN Up
+sin 4z sin ip C0S % Sin ur

ks=—sin AQ sin i, cos ur—cos AL sin 7, coS ir SIN Ur
+cos 7 Sin 7r Sin ur

A.Q:.QF_.QL

In Eq. (2), the orbital elements 2, 7, ¢ and q are
constants, and # and f are periodic functions of
time. Being the synthesis of periodic movements,
the relative motion should not diverge even if not
periodic.

3. Simplification of the Relative
Motion Equation

In SFF, the satellites should stay within the
proximity of each other for the task cycle, so the
orbital planes of the leader and follower satellites
and their positions in the orbital planes i.e. AQ=
Qr— O, Ai=1ir—11, and Au=ur— u, are small.
The precondition for prolonged formation flying
is that the orbit periods of the leader and follower
should be the same (Baoyin et al., 2002).

Generally, the distance variation between satel-
lites and ground is small for ground reconnais-
sance satellite system. Assuming e¢; and er are
small, thus

foML‘i_zeL sin ML, fF%Mp+2ep sin MF

CZL(I_QIZ) _ _
1—|—eLcost_aL<1 ez cos f1)
ar(1—ef) _ _
Tor COSfF—aF(l er CoS fr)

x e cos M —er cos Mr
vt =1A0+AM+AQ cos i +2er sin Mr—2e, sin My | a (3)
z —AQsin iy cos(wrt Mr) +Ai sin(wr+Mr)

Where Aw=wr—wr, AM=Mr— M.

Solution to the relative motion problem of
multiple follower satellites can be derived from
Eq. (3). The equation of the .-th (k=1,2, 3, --*)
follower relative to the leader is

xr=—Axr cos (nt+ax)
Ve=DBro+2A,sin(nt+ax) (4)
zr=—C4 cos(a)k—l-Mk-l-Bk)
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with

Ar=a/ et +ei—2ares cos (AM,) (4a)
Bro=a(Awr+AM,+A8Q: cos iL) (4b)

Cr=ay (AR, sin i) 2+ (Adp)? (4c)

e sin M (0) — e sin My (0)
er cos M, (0) —e. cos M. (0)

tan @,= (4d)

where M (0) is the mean anomaly when #=0

AV

Br="AD. sin iy (4e)

n is called the “mean motion of the leader orbit.”

4. Method of the Relative
Trajectory Design

Designing relative trajectory (RT) is to con-
firm orbital elements of each member satellite
based on the geometric pattern of the formation.
It is only related to the initial state of RT (Gao
and Li, 2003). It can be found from Eq. (4) that
the projection of the relative motion onto the x.
yr plane is elliptical. The ratio of the semi-major
axis to semi-minor axis is 2:1. The angle be-
tween the orbital plane formed by the follower
satellites and the horizontal plane is 26.565°,

The geometric relation in the y;z; plane (hori-
zontal plane) is the key for ground reconnais-
sance satellite system. When #=0, if ax=w.+
M+ Br, there is

SR

Where B is the distance between the center of

the RT and the leader’s projection onto the y.z;
plane. Parameter A, and C. can be determined
based on RT.

According to the characteristic of relative mo-
tion trajectory on the y, direction and z; direc-
tion, there are

ymaX:Bk0+2Ak
=Bro+2ay/ el +ei—2eren cos (AM)

(6)

Zmax=Cr=ay (AQ, sin ir) 2+ (Aiw) . (7)

And each follower satellites positions on the yr
direction and z; direction at the initial moment
are

V£ (0) =Bro+2Ax Sin an (8)
21(0) = — Cx cos (wx+ M5 (0) + B2) 9)

The orbital elements of the follower satellites can
be obtained from Eq. (4b) and Egs. (6) ~ (9). But
the solution to the non-linear equation group is
very sensitive to the choice of the iterative initial
value. Thus the method of RT design can be
further simplified based on certain conditions.

If e,=0 for the leader, the simple analytic so-
lutions can be obtained from Eq. (4b) and Egs.
(6) ~ (9). The process is as follows

From Eq. (6), there is
ymax_Bko

e 2a (10>
From Eq. (4d), there is
Mk(o) =Qr <1 1)

where @, can be obtained from Eq. (8) as

Yx(0) =Buo
2Ax

Because m is arbitrary integer, so Mz(0) has

ar=mrx~+ (—1)™ arsin

multiple groups of numerical solutions.

From Egs. (4b), (7), (9), assuming Bro/a+
wr+ M. (0)=X and considering A7, and AL
to be small, thus

9 o 2Zk<0) .
sec® XAy Zcos X tan X Az,

A (

The above equation is a quadratic equation with

respect to X, and because

(~aap ) s x{(G0x - (52)
e (B0 20

so this equation has two unequal real roots

Alp= Rk (0>
a

sin X

N I
" alcos X|sec? X

(12)

Zrznax*Zk (O> 2
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where + means that the relative trajectory is sym-

metrical.
Furthermore
Airsin X Zké())
= ; 13
AL cos X sin ir (13)
Aot Me(0) =B —pQ, cos i (14

Because M (0) has multiple groups of numerical
solutions, accordingly w. has multiple solutions.
But because the value of A(wx+My) is always
small and unique, we usually choose wz,+ M, as
the orbital element for small eccentricity orbit.

If 2#4:=0, Br=0, and A(wr+ M) is small,
Egs. (12) ~ (14) can be simplified as

i)

AQ =20 (16)
asin iy
wp="" 0) cot iz — M, (0) (17)

5. Example Analysis

Consider a formation satellite system made up
of four mini-satellites distributed as a diamond in
space. The satellite system flies in low earth orbit
at an altitude of 680 kilometers in dense forma-
tion (whose interval is about 10 kilometers) . It is
used to monitor the radio and radar activity for
the whole earth surface. Now one assumes that
each satellite should accept the management of
the ground station, which is located at latitude
43°36 north and longitude 1°26” east. We suppose
that the system will be launched in October 2004.

5.1 Determination for the leader orbital
elements of satellite system

When designing the formation orbit based on
the relative motion equation, it is necessary to
first determine the orbital elements of the leader.
Since the two diagonals of a diamond are per-
pendicular and bisecting, we can choose the in-
tersection as the leader satellite. Four follower

satellites remain in a diamond form and surround
the leader. Then the orbital elements can be de-
termined according to the satellite system mission
requirement.

Semi-major axis : the semi-major axis a=R+
h, where R is the earth average radius 6371.1 km,
i is the orbital altitude 680 km, we can get orbital
semi-major axis to be 7051.1 km,

Orbital eccentricity : Observing the earth sur-
face and monitoring the ground signal by satel-
lite, it is hoped that satellite altitude from the
ground does not change much. Therefore we
choose a circular orbit, i.e. the orbital eccentricity
of the leader satellite is 0.

Orbital inclination : Because the satellite sys-
tem should observe the whole earth surface, we
consider the satellites system as running on a sun-
synchronous orbit. According to relative equation
of the sun-synchronous orbit

R

—9.97(
a

3.5
> cos 7=0.9856 (18)

where R, is the earth equatorial radius 6378.14
km, thus the orbital inclination can be obtained
as 98.07°,

Right-ascension of the ascending node : We
select the northern hemisphere as the key area of
monitoring, and the satellite descending through
the equator in the morning. We consider a ground
station located at latitude 43°36" north and
longitude 1°26" east, and a satellite descending
through the equator at 10 a.m. Therefore, if satel-
lite chooses repeating orbit, every time the satel-
lite flies over the ground station at 9:48 a.m.
From October 1% to the October 315t 2004, at
latitude 75° north, the solar vertical angle mono-
tonically decreases from 10.08° to —0.90°, as
shown in Fig. 2. At latitude 75° south, the solar
vertical angle monotonically increases from
12.34° to 23.02°, as shown in Fig. 3. So we choose
to launch on October 1%, 2004, so that the satellite
system can reconnoiter by visible light between
latitude 75° north and south.

So the right-ascension of the ascending node 2
is

Q:a®+7:2ﬂt/365+fo><ﬂ/12

te0, 365], 610, 24] (19)
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Fig. 2 The change of the solar vertical angle during
October in 2004 at north latitude 75°
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Fig. 3 The change of the solar vertical angle during
October in 2004 at south latitude 75°

where ag is the mean solar right-ascension. y
is the difference of the right-ascension between
the ascending node and the mean solar. f is the
days calculated from vernal equinox, so that Oc-
tober 1 is the 194-th day. # is the local time
of descending node. Then we can obtain £ as
206.34°,

Argument of perigee and mean anomaly : To
a circular orbit, the true anomaly and the mean
anomaly are equal. Both the argument of perigee
and mean anomaly are nonsensical. For the con-
venience of calculation, choose w; =0 and M (0),
so that the orbital elements of the leader are : (see
Table 1)

Table 1 The orbital elements of the leader

M. (0)
98.0730° | 0 0

ar (km) eL Qr i wL
7051.1 0 206.34°

5.2 Design for the relative trajectory of the

satellite system

The relative trajectory of the satellite formation
must be subjected to orbital dynamics. There are
two impossible formations: two satellites “fly”
side by side forever or a satellite “flies” above or
below another with the same speed (Yeh and
Sparks, 2000). The satellite system requires the
four satellites to keep the diamond formation
flying forever, so that it can observe and monitor
an identical signal from different points. It works
as an enormous antenna in the space and im-
proves the accuracy of getting information. For
this kind of ground reconnaissance satellite sys-
tem, the projection in the y;z; plane (horizontal
plane) should be a diamond. Therefore, the only
possible trajectory is the four followers circula-
ting around the leader, i.e. Bro=0. The leader is
imaginary, and S; and S;, S, and S; occupy
different circular orbits that share the same center,
as shown in Fig. 4.

Choose the radii of the projection circles in y.
zr plane as five and ten kilometers respectively.
From Egs. (10), (11) and (15) ~ (17), the orbital
elements of the four followers at the initial
moment can be obtained. (See Table 2)

Fig. 4 The relative trajectory projected onto the
horizontal plane
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Table 2 The orbital elements of the four followers at initial moment

183

ar (km) €r £ in Wp M
k=1 7051.1 0.000354554 3.601312379 1.712405866 | —1.570796327 1.570796327
k=2 7051.1 0.0007091092 3.599879965 1.711696757 | —3.141793814 3.141592654
k=3 7051.1 0.000354554 3.601312379 1.710987648 1.570796327 | —1.570796327
k=4 7051.1 0.0007091092 3.602744792 1.711696757 0.000201161 0
10 .
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Fig. 7 The relative trajectory projected onto the z:x; Fig. 8 The relative trajectory in space
plane
5.3 Simulations equation for the SFF based on relative orbital

Substituting the follower’s parameter into the
relative motion Eq. (2), one can get the relative
trajectory of the satellite system in the leader’s
orbital coordinate system Sxyz, (as shown in
Figs. 5~8). The figures show that the four satel-
lites keep forever the diamond formation in the
yizr plane.

6. Conclusions

This paper has constructed the relative motion

element method. Combining with practice, the
model has been simplified. An orbit has been
designed by the mission requirements of the sat-
ellite system. Numerical simulation results have
shown that the method is effective.

This paper has used the general form to con-
struct the relative motion model. It is feasible to
design the relative trajectory when the orbital
eccentricity of the leader satellite is zero, e.g. the
ground reconnaissance satellite system.
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